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Abstract 


Normative  objections  to  expected  utility  theory  raised  by  Lopes  (1982)  are  rebut¬ 
ted  and  a  “fallacy  of  large  numbers",  discussed  by  Samuelson  (1963),  is  analysed 
from  both  mathematical  and  psychological  standpoints. 
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Risk:  The  Long  and  the  Short 


This  paper  was  stimulated  by  a  recent  article  of  Lola  Lopes  (1082)  ♦Deci¬ 
sion  making  in  the  short  run*,  that  challenges  the  normative  adequacy  of 

Th  i  '  n  ^  aJjLu.’Ut.  _ 

expected  utility  theory.  Ja  the?  present ^note.  we  addres  some  of  the  issues  raised 

"tf  '  *.4  * 

by  Lopes  and  rebut?  her  main  arguments.  Wife  also  propose  a  new  normative 
treatment  and  a  psychological  analysis  of  an  interesting  gambling  problem  intro¬ 
duced  by  Paul  Samuelson  (1063)  in  his  article  ♦Risk  and  uncertainty:  A  fallacy 
of  large  numbers.’ 


Lopes  argues  that,  in  the  short  run  at  least,  the  probability  of  winning  is  a 
reasonable  criterion  of  choice  between  gambles.  However,  the  probability  of  win¬ 
ning  cannot  serve  as  a  sole  criterion  since  it  leads  to  intransitivity  as  well  as  to 
absurd  choices.  For  example,  a  sure  gain  of  $1  would  be  preferred  to  an  even 
chance  to  win  $5000  or  nothing.  Lopes  acknowledges  these  difficulties  but  she 
does  not  specify  what  additional  criteria  should  be  considered  (the  probability  of 
loss?  the  potential  gain?  the  potential  loss?)  and  how  they  should  be  combined. 
Instead,  she  discusses  three  examples  involving  single  and  multiple  lotteries, 
intended  to  support  her  conclusion  that  the  standard  conception  of  rational 
choice,  based  on  the  maximization  of  expected  utility,  “is  simply  not  sensible”. 
We  address  these  examples  in  turn. 


I.  Bernoulli ’«  Gamble 


The  St.  Petersburg  Lottery  (SPL)  is  a  game  of  chance  in  which  a  fair  coin 
is  repeatedly  tossed  until  tails  first  comes  up,  say  on  trial  n.  The  player  then 
wins  $2n.  This  lottery,  first  introduced  by  Nicholas  Bernoulli  and  investigated  by 
his  younger  cousin  Daniel,  has  intrigued  many  students  of  probability  and  deci¬ 
sion  making  who  sought  to  explain  the  apparent  paradox  that  people  are  unwil¬ 
ling  to  pay  much  for  the  opportunity  of  playing  a  lottery  whose  expected  value  is 
infinite. 

Lopes  reverses  the  classical  question,  and  examines  the  SPL  from  the 
point  of  view  of  the  house,  not  the  player.  Imagine,  she  exhorts  us,  a  fabulously 
rich  individual,  called  Scrooge,  who  sells  SPLs  for  $100  apiece.  Clearly,  in  the 
long  run  Scrooge  is  bound  to  lose  all  However,  on  the  basis  of  a  computer  simu¬ 
lation,  Lopes  concluded  that  in  the  course  of  one  million  transactions,  Scrooge 
has  a  00%  chance  of  being  in  the  black,  with  an  expected  profit  of  56  million  dol¬ 
lars.  The  balance  sheet,  Lopes  argues,  more  than  justifies  Scrooge’s  venture, 
despite  the  risk  it  entails.  “Is  Scrooge  crazy,  then"  she  asks  “to  sell  a  product 
for  infinitely  less  than  it  is  worth?"  (p.  378). 

What  is  in  question,  however,  is  Scrooge’s  honesty,  not  his  sanity.  The 
trouble  with  Scrooge’s  venture  is  that  he  cannot  guarantee  to  fulfill  his  obligation 
to  his  customers.  The  SPL  sets  no  upper  bound  on  the  size  of  the  prize  that  a 
player  can  win,  but  Scrooge’s  ability  to  pay  is  clearly  bounded.  If  the  maximal 
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prize  that  Scrooge  can  pay  a  given  player  is  $M,  then  the  payoff  most  cease  to 
double  and  remains  constant  after  the  kth  toss,  where  k^og^M.  Thus,  Scrooge 
is  in  fact  selling  an  SPL  truncated  at  k+ 1  steps,  whose  expected  value  is  k+ 1 
dollars,  not  infinity.  If,  for  example,  Scrooge's  upper  limit  is  a  generous  billion 
dollars  he  is  actually  offering  a  game  whose  fair  price  is  less  than  $31,  since  230 

Q 

exceeds  10  .  When  Scrooge’s  asking  price  for  such  an  SPL  is  $100,  he  is  selling  a 

product  not  for  “infinitely  less  than  it  is  worth",  but  for  considerably  more.  To 

00 

make  it  a  fair  game  Scrooge  should  be  able  to  pay  $2  ,  which  far  exceeds  the 
entire  wealth  in  the  world.  If  one  is  concerned  with  real-life  problems,  rather 
than  with  mathematical  puzzles,  one  cannot  ignore  the  inevitable  truncation  of 
the  game  and  treat  it  as  if  its  expected  value  were  infinite. 

By  failing  to  admit  that  he  is  selling  a  truncated  SPL  and  to  specify  his 
upper  limit,  Scrooge  is  being  less  than  honest-much  like  an  insurance  company 
that  collects  premiums  for  potential  damages  it  could  not  cover,  in  the  hope  that 
the  worst  will  not  happen.  The  viability  of  such  business  practices  depends  on 
the  gullibility  of  people  and  the  laws  of  the  land;  it  does  not  have  much  bearing 
on  the  adequacy  of  expected  utility  theory. 

Once  we  eliminate  the  deceptive  aspect  of  Scrooge’s  offer  and  truncate  the 
infinite  tail  of  the  game,  what  remains  of  Lopes’  argument?  Let  us  assume,  for  a 
moment,  that  Scrooge  can  actually  finance  a  55-step  SPL.  Lopes'  simulation 
shows  that  Scrooge  can  expect  to  make  a  relatively  small  amount  of  money  (less 
than  one  billionth  of  his  total  assets)  by  selling  one  million  SPL’s  at  $50  apiece-if 


he  is  willing  to  bear  the  risk  of  a  catastrophic  loss.  Two  comments  regarding  this 
observation  may  be  in  order.  First,  the  selling  of  SPL’s  below  their  expected 
value  is  compatible  with  the  expected  utility  principle  and  a  convex  utility  func¬ 
tion  for  money.  Second,  very  rich  people  do  not  seem  eager  to  finance  actuarially 
unfavorable  ventures  with  a  potential  catastrophic  loss.  Lopes’  example,  there¬ 
fore,  does  not  provide  either  a  hypothetical  argument  against  the  maximization 
of  expected  utility  or  a  factual  argument  against  the  maximization  of  expected 
value. 

It  might  be  noted  that  many  scholars,  from  Poisson  to  contemporary 
authors,  have  argued  that  the  limit  on  the  house’s  ability  to  pay  dissolves  much 
of  the  paradoxical  character  of  Bernoulli’s  original  problem.  As  was  noted  by 
these  authors  (see,  e.g.,  Shapley,  1077,  and  references  therein),  a  truncated  SPL 
does  not  provide  strong  evidence  against  the  expected  value  criterion.  It  does  not 
seem  absurd  to  pay  31c  for  a  30-step  penny  version  of  the  SPL.  This  game  offers 
a  6.25%  chance  to  come  up  ahead  and  some  chance  of  winning  more  than  ten 
million  dollars.  Indeed,  millions  of  people  routinely  purchase  lotteries  that  have  a 
similar  structure  at  prices  that  exceed  their  expected  value.  Ironically,  then,  the 
real  challenge  to  expected  utility  theory  and  the  risk  aversion  hypothesis  is  the 
purchase  of  lotteries  with  a  long  positive  tail  at  unfavorable  prices,  not  the  reluc¬ 
tance  to  purchase  such  lotteries  at  favorable  prices. 


//.  Weaver’s  Objection 


In  hb  book  “Lady  Luck”  (1963)  Weaver  remarks  that  one  may  not  be  wil¬ 
ling  to  pay  the  expected  value  in  order  to  play  a  particular  gamble  since  “the 
odds  are  about  4  to  6  that  he  will  receive  no  prize  at  all,  and  just  throw  away  hb 
investment”.  (Weaver,  1963,  p.  155).  Lopes  interprets  thb  comment  as  “rejec¬ 
tion  of  the  expected  utility  principle"  and  a  violation  of  the  von  Neuman  and 
Morgenstern  axioms.  Evidently,  she  infers  from  Weaver’s  observation  regarding 
a  particular  gamble  that  he  advocates  the  general  principle  of  maximizing  the 
probability  of  winning,  which  b  inconsistent  with  expected  utility  theory.  In 
fact,  however,  Weaver  does  not  address  the  expected  utility  principle  in  thb  con¬ 
text,  and  does  not  advocate  the  rule  of  always  selecting  the  gamble  with  the 
highest  probability  of  winning.  Hence,  hb  objection  to  the  expected  value  model 
does  not  constitute  an  argument  against  expected  utility  theory. 

Lopes  also  raises  the  standard  objection  that  arguments  based  on  expecta¬ 
tions  are  applicable  in  the  long  run  but  not  in  the  short  run.  Thb  objection, 
however,  does  not  apply  to  expected  utility  theory  that  b  derived  from  axioms  of 
rational  choice  that  pertain  to  unique  choice  situations  with  no  reference  to 
repeated  plays.  Lopes  claims  that  the  absence  of  long  run  considerations  from 
expected  utility  theory  “b  more  apparent  than  real”  because  “it  b  questionable 
whether  probability  and  values  ever  really  combine  except  in  the  long  run”  (p. 
381).  But  modern  utility  theory,  as  conceived  by  von  Neumann  and  Morgen¬ 
stern,  does  not  assume  that  value  and  probability  “really  combine”.  It  assumes 


only  that  the  cash  equivalent  of  a  lottery  depends  on  both  the  value  of  the  prize 
and  the  probability  of  getting  it.  Expected  utility  theory  does  not  even  assume 
that  receiving  the  lottery  or  its  cash  equivalent  have  the  same  impact  on  subse¬ 
quent  choices,  as  will  be  illustrated  below. 

III.  Samuelson’*  Theorem 

Paul  Samuelson  (1063)  tells  of  a  distinguished  scholar,  unskilled  in 
mathematics,  to  whom  he  offered  an  even  chance  to  win  $200  or  lose  $100 
depending  on  the  toss  of  a  coin.  Samuelson ’s  Colleague,  whom  we  call  SC, 
declined  the  single  bet  but  expressed  a  willingness  to  play  it  100  times.  This  pat¬ 
tern  of  preferences  has  some  intuitive  appeal,  but  Samuelson  finds  it  normatively 
unacceptable,  noting  that  multiple  play  compounds  risk  rather  than  reduces  it. 
Lopes,  on  the  other  hand,  justifies  SC’s  preferences  and  regards  them  as  evidence 
against  the  normative  adequacy  of  expected  utility  theory. 

According  to  Lopes,  “Samuelson  proves  the  theorem  that  no  one  who 
wants  to  maximize  expected  utility— which  is  a  goal  his  colleague  claimed— can 
agree  to  a  sequence  of  bets  if  each  of  the  single  bets  is  unacceptable”  (p.  382).  If 
SC’s  behavior  is  justifiable,  Lopes  argues,  then  expected  utility  theory  must  be 
wrong.  As  shown  below,  however,  this  is  not  the  case.  There  are  many  utility 
functions  for  wealth  that  reject  the  single  gamble  and  accept  the  multiple  gam- 
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ble.  For  example,  define 


[(*-*)*  if  z>x 
-{x-z)1*  if  z£x 


for  some  0<$<1.  Figure  1  displays  the  proposed  function  for  0  —  .03. 


Insert  Figure  1  about  here 


This  function  is  concave  everywhere  since  every  cord  joining  two  points  on 
the  curve  lies  below  the  curve.  Hence,  it  is  risk  averse  and  the  degree  of  risk 
aversion,  r  —  -u"/u',  decreases  with  the  distance  from  x.  A  person  with  this 
utility  function  will  always  prefer  a  sure  thing  to  a  gamble  with  the  same 
expected  value.  Furthermore,  at  asset  position  x,  this  person  will  decline  the  sin¬ 
gle  game  (equal  chances  to  win  $200  or  lose  $100),  but  accept  two  (or  more)  plays 
of  the  game.  To  verify  note  that 

|“(*  +  200)  +  ±«(*  - 100)  -  j(200m)  - 1(100167» ) 

-  -1.01  <0  -  *(*) 
but 

-p(*+400)  +  ^*(*+100)+  ■“»(*— 200). 

-  ^(400"  )  +  j(100  “  )  -  j(200wti  ) 

-  27.56>0  -  «(*) 


Contrary  to  claim,  then,  SC’s  preferences  are  consistent  with  expected 
utility  theory.  A  careful  reading  of  Samuelson’s  paper  reveals  that  the  proposi¬ 
tion  he  established  was  that  a  person  should  not  accept  the  multiple  game  if  the 


rtV*rC 


Figure  1.  A  utility  function  for  SC  (6  ■  .93) 
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single  game  is  unacceptable  at  every  asset  position  throughout  the  relevant  range  of 
outcomes.  Although  Samuelson’s  discussion  of  this  assumption  is  informal  and 
brief  he  specifically  cautioned  “I  should  warn  against  undue  extrapolation  of  my 
theorem.  It  does  not  say  one  must  always  refuse  a  sequence  if  one  refuses  a  sin¬ 
gle  venture”  (1663,  p.5).  For  the  entire  sequence  to  be  unacceptable,  therefore,  it 
is  not  sufficient  that  each  gamble  in  the  sequence  is  unacceptable  at  one’s  present 
wealth;  each  gamble  must  also  be  unacceptable  at  any  possible  level  of  wealth 
that  can  be  achieved  by  playing  the  multiple  game.  The  utility  function  of  Fig¬ 
ure  1,  for  example,  satisfies  the  former  but  not  the  latter  assumption. 

The  latter  assumption  is,  indeed,  the  heart  of  the  matter.  If  it  holds, 
Samuelson’s  conclusion  follows  from  transitivity  and  dominance,  without  assum¬ 
ing  expected  utility  theory,  as  will  be  shown  below.  In  the  next  section,  however, 
we  present  illustrative  data  that  cast  serious  doubt  on  the  descriptive  adequacy 
of  the  above  assumption. 

The  present  discussion  is  confined  to  gambles  or  prospects  with  monetary 
outcomes,  represented  by  discrete  random  variables.  As  in  the  standard  analysis, 
we  assume  that  an  individual  has  a  transitive  preference,  denoted  )►,  between 
any  pair  of  (final)  asset  positions.  Thus,  gamble  X  is  chosen  over  Y  by  a  person 
with  wealth  w  whenever  u/+X^u>+  Y.  We  use  lower-case  letters,  w,z,y,z,  to 
denote  monetary  values  (i.e.,  constants)  and  upper  case  letters  to  denote  gambles 
(i.e.,  random  variables).  In  particular,  y  is  said  to  be  an  outcome  of  Y  if  there  is 
a  positive  probability  that  the  gamble  Y  results  in  the  monetary  outcome  y.  We 
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assume  that  the  preference  order  between  asset  positions  depends  only  on  their 
distributions,  hence,  one  is  indifferent  between  asset  positions  that  have  the  same 
(marginal)  distribution. 

Consider  a  set  of  gambles  played  by  tossing  n  coins  and  having  the  player 
receive  $200  for  each  heads  and  pay  $100  for  each  tails.  Let  Xk  be  the  gamble  on 

the  ir-th  coin,  l<k<n,  and  let  S*»A Tx+ - f  Xk  denote  the  multiple  gamble  that 

consists  of  tossing  coins  1  through  k.  In  particular,  S^X k  and  Xk+l. 

Note  that  a  multiple  gamble  is  represented  as  a  sum  of  random  variables. 

Since  SC  rejects  a  single  toss  we  assume 

(1)  w^w+Xlm 

Furthermore,  the  single  toss  is  unacceptable  at  any  level  of  wealth  that  can  be 
achieved  by  100  tosses,  hence  we  stipulate,  with  Samuelson, 

(2)  w+y^w+y+Xi  for  -10,000<y <20,000. 

We  also  assume  the  following  dominance  condition 

(3)  If  X  and  Y are  independent  and  if  for  every  outcome  y  of  Y,  w+  y^w+  y+  X 
then  u;+  y^u/+  V+  X. 

This  condition  says  that  if  A1  is  unacceptable  at  any  level  of  wealth  w+y  that 
might  result  from  playing  the  gamble  Y,  then  X  is  also  unacceptable  at  w+  Y 
where  one  does  not  know  for  sure  which  of  these  levels  of  wealth  will  obtain. 


Assumption  (3)  seems  unobjectionable  on  normative  grounds  and  it  is 
weaker  than  expected  utility  theory.  However,  in  conjunction  with  (2),  it  implies 
that  for  every  1<*<100,  Sk  must  be  chosen  over  St+ To  prove  this  proposition 
note  that  for  any  outcome  «  of  Sk,  w+  t^w+ 1+  Xk+U  by  (2)  and  the  fact  that  Jfi 
and  Xk+k  have  the  same  distribution.  Hence,  by  (3), 

ifl+  u>+  S*+  Xk+  Sk+ 

and  by  transitivity 

w ^  u»+  S ^  ^  u>+  S100. 

Given  (2)  and  (3),  therefore,  the  rejection  of  5,  implies  the  rejection  of  5100.  Our 
proof  is  similar,  but  not  identical,  to  Samuelson’s  informal  argument.  Unlike 
Samuelson’s  proof,  however,  the  present  result  does  not  rely  on  expected  utility 
theory.  It  strengthens  Samuelson’s  case  against  his  colleague,  by  showing  that  if 
(2)  holds  then  SC’s  choices  must  violate  transitivity  or  dominance.  For  Lopes, 
who  defends  SC,  the  situation  is  more  difficult:  if  she  endorses  (2),  she  has  to 
defend  the  violation  of  transitivity  or  dominance;  if  she  does  not  endorse  (2)  her 
argument  against  expected  utility  theory  is  invalid. 

We  do  not  wish  to  argue  that  expected  utility  theory  is  the  only  adequate 
normative  framework  for  decision  under  risk;  there  are  many  prescriptive  aspects 
of  value  and  belief  that  are  not  readily  captured  in  this  framework.  We  merely 
argue  that  Scrooge’s  enterprise,  Weaver’s  objection  and  SC’s  preferences  do  not 


cast  serious  doubt  on  the  normative  adequacy  of  expected  utility  theory. 

IV.  Psychological  Analysis 

Let  us  turn  now  from  normative  theory  to  psychological  analysis.  To 
begin  with,  it  is  hardly  surprising  that  the  100  fold  gamble  51M  is  attractive:  it 
offers  a  good  possibility  for  a  significant  gain  while  the  chances  of  a  loss  are  less 
than  1%.  It  is  also  not  surprising  that  Sm  is  preferred  to  the  single  gamble  5,; 
the  former  appears  less  risky  than  the  latter  in  the  sense  that  5100  has  a  mean  of 
$5000  and  a  standard  deviation  of  $1500  while  S,  has  a  mean  of  $50  and  a  stan¬ 
dard  deviation  of  $150.  What  puzzled  Samuelson  and  others  is  the  rejection  of  5t 
despite  its  favorable  expectation  by  people,  like  SC,  who  can  surely  afford  a  loss 
of  $100.  Evidently,  the  anticipated  psychological  impact  of  the  loss  offsets  the 
impact  of  the  equiprobable  larger  gain. 

Following  prospect  theory  (Kahneman  &  Tversky,  1079)  and  the  analysis 
of  framing  (Tversky  &  Kahneman,  1081)  we  propose  that  this  phenomenon  of 
loss  aversion  is  induced  by  framing  the  choice  so  that  the  status  quo  serves  as  a 
reference  point  and  the  outcomes  are  evaluated  as  a  gain  of  200  and  a  loss  of  100, 
not  as  asset  positions  of  u>+  200  and  to -100.  Indeed,  if  the  reference  point  is 
changed  by  framing  the  outcomes  in  terms  of  asset  positions  (as  recommended  by 
decision  analysts)  or  by  adding  a  (positive  or  negative)  constant  to  all  outcomes, 
the  extreme  aversion  to  risk  is  reduced  or  eliminated.  To  illustrate  this  effect 
and  demonstrate  its  relevance  to  our  problem,  we  presented  230  Stanford  under- 


graduates  with  a  brief  questionnaire  that  included  the  following  problems. 


A.  Suppose  you  are  offered  the  following  option.  Would  you  accept  the  gamble? 

50%  chance  to  win  $200  and  50%  chance  to  lose  $100. 

B.  Suppose  you  are  offered  the  following  choice.  Which  option  do  you  prefer? 

—  A  sure  gain  of  $600 

—  50%  chance  to  win  $800  and  50%  chance  to  win  $500. 

C.  Suppose  you  are  forced  to  choose  between  the  following  options.  Which  do 
you  prefer? 

—  A  sure  loss  of  $200. 

—  50%  chance  to  lose  $300  and  50%  chance  to  lose  nothing. 

Before  discussing  the  data,  note  that  Problems  B  and  C  are  obtained  from 
Problem  A  by  adding  $600  to  all  outcomes  or  subtracting  $200  from  all  out¬ 
comes,  respectively.  Since  a  gain  of  $600  or  a  loss  of  $200  might  occur  in  the 
course  of  playing  the  multiple  gamble,  assumption  (2)  says  that  a  person  who 
rejects  the  gamble  in  Problem  A  nst  also  reject  the  gamble  in  Problems  B  and 
C.  Prospect  theory,  on  the  oth  ’  implies  that  the  tendency  to  select  the 
gamble  will  be  weak  in  A,  intermcd  m  B  and  strong  in  C.  The  results  sup¬ 
port  this  prediction:  70%  of  the  respondents  rejected  the  gamble  in  A  and 
among  these  subjects,  60%  accepted  the  gamble  in  B  and  05%  accepted  the  gam¬ 
ble  in  C.  Thus,  the  majority  of  subjects  rejected  5,  at  their  current  asset 
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position  but  most  subjects  accepted  it  when  combined  with  a  gain  of  $600  or 
with  a  loss  of  $200. 

The  above  data  indicate  that  many  individuals,  who  surely  vary  in  asset 
positions,  reject  the  gamble  in  A  but  accept  it  in  B  and  C.  These  observations 
violate  assumption  (2)  and  thereby  undermine  the  application  of  Samuelson’s 
theorem  to  the  problem  under  study.  It  appears  that  the  common  rejection  of 
the  gamble  in  A  and  its  almost  unanimous  acceptance  in  C  represents  a  stable 
pattern  of  choice  that  is  unaffected  by  small  changes  (e.g.,  of  $200)  in  one’s  total 
wealth.  In  contrast,  the  addition  of  $200  to  all  outcomes  of  the  offered  prospects 
had  a  marked  impact  on  preferences,  as  demonstrated  above.  These  observations 
reject  a  utility  function  that  is  based  on  final  asset  position  (of  the  type  presented 
in  Figure  1)  in  favor  of  a  theory  where  the  carriers  of  value  are  gains  and  losses 
defined  relative  to  some  reference  point.  Since  the  value  function  tends  to  be 
concave  for  gains  and  convex  for  losses,  the  shift  of  reference  point  can  produce 
systematic  reversals  of  preferences  (Kahneman  St  Tversky,  1070;  Tversky  St 
Kahneman,  1081).  In  particular,  one  is  less  likely  to  accept  the  single  gamble 
when  it  is  framed  as  an  even  chance  to  win  200  or  lose  100  than  when  it  is 
framed  as  a  choice  between  v  and  an  even  chance  at  »»+  200  or  v-ioo.  Thus,  the 
common  aversion  to  fairly  small  favorable  bets  may  be,  in  part  at  least,  a  fram¬ 
ing  effect. 
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Figure  Captions 


Figure  1.  A  utility  function  for  SC  (  #  =  .93  ) 
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